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Abstract 

Let M be a Riemannian manifold. For p 6 M, the tensor algebra 
of the negative part of the (complex) affinization of the tangent space 
of M at p has a natural structure of a meromorphic open-string vertex 
algebra. These meromorphic open-string vertex algebras form a vector 
bundle over M with a connection. We construct a sheaf V of mero- 
morphic open-string vertex algebras on the sheaf of parallel sections 
of this vector bundle. Using covariant derivatives, we construct repre- 
sentations on the spaces of complex smooth functions of the algebras 
of parallel tensor fields. These representations are used to construct 
a sheaf W of left V- modules from the sheaf of smooth functions. In 
particular, we obtain a meromorphic open-string vertex algebra Vm 
of the global sections on M of the sheaf V and a left VM-mc-dule Wm 
of the global sections on M of the sheaf W. By the definitions of 
meromorphic open-string vertex algebra and left module, we obtain, 
among many other properties, operator product expansion for vertex 
operators. We also show that the Laplacian on M is in fact a com- 
ponent of a vertex operator for the left Vj^f-module Wm restricted to 
the space of smooth functions. 
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1 Introduction 

Conjectures by physicists on nonlinear sigma models in two dimensions, espe- 
cially supersymmetric nonlinear sigma models with Calabi-Yau manifolds as 
targets, are one of the most influential sources of inspirations and motivations 
for many works in geometry in the past two or three decades. Classically, a 
nonlinear sigma model in two dimensions is given by the set of all harmonic 
maps from a two-dimensional Riemannian manifold to a Riemannian mani- 
fold (the target). The main challenge for mathematicians is the construction 
of the corresponding quantum nonlinear sigma model. The difficulties lie in 
the fact that because the target is not flat, the nonlinear sigma model is a 
quantum field theory with interaction. In physics, a quantum field theory 
with interaction is studied by using the methods of path integrals, perturba- 
tive expansion (more precisely, asymptotic expansion) and renormalization. 
Unfortunately, it does not seem to be mathematically possible to directly rig- 
orize these physical methods to construct the correlation functions for such 
a quantum field theory. 

Assuming the existence of nonlinear sigma models in two dimensions, 
physicists have obtained many surprising mathematical conjectures. Some 
of these conjectures have been proved by mathematicians using methods de- 
veloped in mathematics. But there are still many deep conjectures to be 
understood and proved. Besides proving these conjectures from physics, it 
is also of great importance to understand mathematically what is going on 
underlying these deep conjectures. A mathematical construction of nonlin- 
ear sigma models in two dimensions would allow us to obtain such a deep 
conceptual understanding and at the same time to prove these conjectures. 

In the present paper, we construct meromorphic open-string vertex al- 
gebras and their representations (see [H] for definitions and constructions) 
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from a Riemannian manifold. We hope that these algebras and represen- 
tations will provide a starting point for a new mathematical approach to 
the construction of nonlinear sigma models in two dimensions. In the case 
that the target is a Euclidean space or a torus, the nonlinear sigma model 
becomes a linear sigma model and can be constructed mathematically using 
the representations of Heisenberg algebras. In these constructions, a crucial 
ingredient is the modules for the Heisenberg algebras generated by eigen- 
functions of the Laplacian of the target. The role of the eigenfunctions can 
be conceptually understood as follows: Sigma models describe perturbative 
string theory. When the strings are degenerated into points in the space, 
string theory becomes quantum mechanics. In particular, all the states in 
quantum mechanics should also be states in sigma models. Mathematically, 
quantum mechanics on a Riemannian manifold M (without additional poten- 
tial terms describing interactions) is essentially the study of the Schrodinger 
equation 

iHd t ip = Aip, 

where ip is a function on M x R. Using the method of separation of variables, 
we first study a product solution f'T of the equation above where / is a 
function on M and T a function on R. Then there exists A G C such that 
/ is an eigenfunction of the Laplacian A with the eigenvalue A and T = 
Ce^th 1 for some C G C. Thus the study of the Schrodinger equation above 
is reduced to the study of eigenvalues and eigenfunctions of the Laplacian 
A. Eigenfunctions of A are states in the quantum mechanics on M whose 
eigenvalues are the energies when the quantum mechanical particle is in these 
states. 

For a Riemannian manifold M, its tangent spaces are Euclidean spaces. 
From these tangent spaces, one can construct vertex operator algebras as- 
sociated with Heisenberg algebras. These vertex operator algebras form a 
vector bundle of vertex operator algebras on M. By tautology, the space of 
smooth sections of this bundle is a vertex algebra, a variant of vertex oper- 
ator algebras satisfying less conditions. Geometrically this vertex algebra is 
not very interesting because of the tautological construction. Algebraically, 
since this vertex algebra does not satisfy the important grading restriction 
condition and its weight subspace is not one dimensional (in fact, is the 
infinite-dimensional space of all smooth functions), not many interesting re- 
sults for this vertex algebra can be expected. To obtain a vertex algebra 
having better properties, it is natural to consider the subspace of parallel 
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sections of this vector bundle. It was first observed by Tamanoi |Tlj |T2j 
that the space of parallel sections of a vector bundle of vertex operator su- 
peralgebras constructed from suitable modules for Clifford algebras has a 
natural structure of a vertex operator superalgebra. The same observation 
can be made to see the existence of a natural structure of a vertex operator 
algebra on the space of parallel sections of the vector bundle of Heisenberg 
vertex operator algebras mentioned above. However, the only functions on 
M belonging to this vertex operator algebra are constant functions and, in 
particular, eigenfunctions on M are not in this vertex operator algebra. In 
fact, we do not expect that eigenfunctions will in general be in any vertex 
operator algebra because their eigenvalues in general are integers. 

On the other hand, it is known that the state space of a chiral rational 
conformal field theory is mathematically the direct sum of irreducible mod- 
ules for the chiral algebra (the vertex operator algebra of meromorphic fields) 
of the conformal field theory. Though the nonlinear sigma model with target 
M is in general not even a conformal field theory, it would still be natural to 
look for some modules or generalized modules that contains eigenfunctions 
on M. To find such modules or generalized modules, one would have to con- 
struct a representation of the symmetric algebra on the tangent space at a 
point peMon the space of smooth functions on an open neighborhood of 
p. When M is not flat, however, such a representation does not exist for ob- 
vious reasons: If we choose a coordinate patch near p and use the derivatives 
with respect to the coordinates to give the representation, the representation 
images of higher derivatives depends on the coordinate patch and thus are 
not covariant. If we use the covariant derivatives, then we do not have a 
representation of the symmetric algebra on the tangent space at a point p; 
the failure of being a representation is measured exactly by the curvature 
tensor. This failure indicates that we should consider tensor algebras instead 
of symmetric algebras. 

In [H] , the author introduced a notion of meromorphic open-string vertex 
algebra. A meromorphic open-string vertex algebra is an open-string ver- 
tex algebra in the sense of Kong and the author [HKj satisfying additional 
rationality (or meromorphicity) conditions for vertex operators. The vertex 
operator map for a meromorphic open-string vertex algebra in general does 
not satisfy the Jacobi identity, commutativity, the commutator formula, the 
skew-symmetry or even the associator formula but still satisfies rationality 
and associativity. In particular, the operator product expansion holds for 
vertex operators for an meromorphic open-string vertex algebra. In [H], the 
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author constructed such algebras on the tensor algebra of the negative part 
of the affinization of a vector space and left modules for these algebras. 

In the present paper, using covariant derivatives, parallel tensor fields 
and the constructions in [H], we construct a sheaf of meromorphic open- 
string vertex algebras from a Riemannian manifold M and a sheaf of left 
modules for this sheaf from the space of smooth functions on M. 

More precisely, For a Riemannian manifold M, let TM C be the com- 
plexification of the tangent bundle of M, T(TM C ) the vector bundle of the 
tensor algebras on the tangent spaces at points on M and T{TM_) the vec- 
tor bundle over M whose fibers are the negative parts of the affinizations of 
the complexifications of the tangent spaces of M. Using the meromorphic 
open-string vertex algebras constructed in [H], we construct a sheaf V of 
meromorphic open-string vertex algebras on the sheaf of spaces of parallel 
sections of the vector bundle T(TM_). In particular, the space Vm of the 
global sections of V gives a meromorphic open-string vertex algebra canoni- 
cally associated to M. For an open subset U of M, let C°°(U) be the space of 
complex smooth functions on M. For each open subset U of M, we construct 
a representation on C°°(U) of the algebra of parallel sections of T(TM) on 
U. Using these representations and the constructions of left modules for 
meromorphic open-string vertex algebras in [H], we construct a sheaf W of 
left modules for V from C°°(U). In particular, the space Wm of the global 
sections of W gives a left V^-module canonically associated to M. By the 
definitions of meromorphic open-string vertex algebra and left module, we 
obtain, among many other properties, operator product expansion for vertex 
operators for Vm and Wm- As an example, we show that the Laplacian on 
M is in fact a component of a vertex operator for the left V^-module Wm 
restricted to the space of smooth functions. 

The construction in the present paper can be generalized to give construc- 
tions of left modules from forms on M for suitable meromorphic open-string 
vertex algebra associated to a Riemannian manifold M. In the case that M 
is Kahler or Calabi-Yau, we have stronger results. These will be discussed in 
future publications. 

In this paper, we shall fix a Riemannian manifold M. For basic material in 
Riemannian geometry, we refer the reader to the book [Pj. For meromorphic 
open-string vertex algebras and left modules, see [H]. 

The present paper is organized as follows: In Section 2, we recall some 
basic constructions of vector bundles and sheaves on a Riemannian manifold 
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M. In Section 3, we construct the sheaf V of meromorphic open-string vertex 
algebras on M. In particular, we construct the meromorphic open-string 
vertex algebra Vm of the global sections of V canonically associated to M. 
In section 4, using covariant derivatives, we construct a homomorphism of 
algebras from the algebra of parallel tensor fields on an open subset of M to 
the algebra of linear operators on the space of smooth functions on the same 
open subset. In particular, we obtain a representation on the space of smooth 
functions of the algebra of parallel tensor fields. We construct in Section 5 
the sheaf W of left modules for V from the sheaf of smooth functions on M. 
In particular, we construct the left VM-module Wm of the global sections of 
W canonically associated to M. In Section 6, we show that the Laplacian on 
M is in fact a component of a vertex operator for the left VM-module Wm 
restricted to the space of smooth functions. 

Acknowledgments The author is supported in part by NSF grant PHY- 
0901237. 

2 Vector bundles and sheaves from the tan- 
gent bundle of a Riemannian manifold M 

In this section, we recall some basic constructions of vector bundles and 
sheaves on a Riemannian manifold. 

In the present paper, we shall work with vector spaces over R and with 
vector spaces over C. We shall use Cg>R to denote the tensor product bifunctor 
for the category of vector spaces over R but use (g) (omitting the subscript 
C) to denote the tensor product bifunctor for the category of vector spaces 
over C. We shall use the same notations to denote tensor products of vector 
bundles with vector spaces over R and C as fibers. For a vector space V 
over R, we shall use V c to denote the complexification V ®k C. For a vector 
bundle E with vector spaces over R as fibers, we use E c to denote the vector 
bundle obtained from E by complexifying its fibers. 

Let M be a Riemannian manifold and g the metric on M. Consider the 
tangent bundle TM of M and the trivial bundles M x C[t, t' 1 ] and MxCk 
where t is a formal variable and k is a basis of a one-dimensional vector space 
Ck. Let 

TM = (TM ® M (M x C[t, r 1 ])) © M x Ck. 
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be the vector bundle whose fiber at p G M is 



T p M = (T p M © M C[t, t' 1 }) © Ck. 

Since T p M for p E M has a structure of Heisenberg algebra and the transition 
functions at points of M preserve the gradings of the Heisenberg algebras, 
TM has a structure of a vector bundle of Heisenberg algebras. For p e M, 
T p M has a decomposition 

TpM = fp~M_ © fpM © 7^1/ . . 

where 

fp~M_ = T p M® w r l C[r\ 

f p M = (T p M © R Ct°) © Ck 

~ T P M C ©Ck, 
TpM + = T p M® M tC[t). 

These triangle decompositions of the Heisenberg algebras give the triangle 
decomposition ^_ _ _ 

TM = TM- © TM Q © r\l . . 

where 

tm_ = tm © M (M x r^fr 1 ]), 

TM = (TM © R (M x Ct )) © M x Ck 

~ TM C © (M x Ck), 
TM+ = TM ©k (M x tC[t]). 

The connection on TM induces connections on TM, TM_ and TM + . 
The product bundle M x Ck has a trivial connection. 

For p e M, recall the subalgebra N(T P M) of the tensor algebra T(T P M) 
introduced in Section 3 of [H]. In fact, let 7 be the two-sided ideal of T(T P M) 
generated by elements of the form 

(X © K t m ) © (Y © K t n ) - (Y © K t n ) © (X © R t m ) - m(a, 6)5 m+n , k, 
(X © R t k ) © (Y © R t°) - (Y © R t°) © (X © M t k ), 
(X © R t k ) © k - k © (X © R t fc ) 
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for X, Y G T p M, m G Z + , n G — Z + , G Z. Then by Proposition 3.1 in [H] , 

N(T\M) =T(%M)/I 

is isomorphic to 

T(f^J®T(%M + )®T(T p M c )®T(£\L). (2.1) 

Let 

T(TM-), T(TM + ), T(TM C ), T(M x Ck) 
be the vector bundles whose fibers atpGM are the tensor algebras 

T(T^M_), T{%M + ), T(T p M c ), T(Ck) 

on the fibers of 

TM_, TM+, TM C , M x Ck, 
respectively. Since (12.1 j) is the fiber of the vector bundle 

T(TMS) <g> T(TM+) ® T(TM C ) <g> T(M x Ck) (2.2) 

at p G M, we also have a vector bundle N(TM) whose fiber at p G M is 
N(T p M). By definition, N(TM) as a vector bundle is isomorphic to the 
vector bundle (12. 2p . 

For a vector bundle E over M, we shall use Fjj(E) to denote the space 
of smooth sections of E on an open subset U of M. For a vector bundle 
over M with a connection, we shall use Ujj(E) to denote the space of parallel 
sections of E on U. By definition, Hjj(E) C rj/(£'). When the fibers of E are 
associative algebras, Tjj(E) has a structure of an associative algebra. If the 
covariant derivative with respect every element of r [/ (TM c ) is a derivation 
of the associative algebra Tu(E), then Hu(E) is a subalgebra of Tu(E). 

Taking E to be 

N{TM), T(TM_), T(TM+), T(TM C ), T(M x Ck), (2.3) 

we have the associative algebras 

IV(iV(fM)), r C7 (T(TM_)), r C7 (T(TM + )), 

r(/(T(TM c )), T [/ (T(M x Ck)), (2.4) 
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respectively, of smooth sections. It is clear that 

r c/ (T(fM_)),r C7 (T(TM + )),r c/ (T(TM c )), IV(T(M x Ck)) 

can be embedded as subalgebras of Tu(N(TM)). The connections on TM_, 
TM C and TM + uniquely determine connections on T(TM_), TiTM ) and 
T(TM + ), respectively, by requiring that for every open subset U of M, the 
covariant derivatives with respect to every element of IV (TM) are derivations 
of the associative algebras Tu(T{TMJ)), T U (T(TM + )) and IV(T(TM C )), 
respectively. We also have a canonical flat connection on the trivial bundle 

T(M x Ck) ~ M x T(Ck). 

Since N(TM) is isomorphic to (12.21) . the connections on T(TM_), T(TM + ), 
T(TM C ) and T(M x Ck) further determine a connection on N(TM). 

By definition, the covariant derivatives with respect to elements of the 
space Tu(TM) of the vector bundles in (I2.3P are derivations of the corre- 
sponding associative algebras in (12.41) . Thus we have the associative algebras 

Uu(N(fM)), n a (T(TM_)), 
U V (T(TM+)), Uu(T(TM c )), U V (M x T(Ck)) 

of parallel sections. 

For a vector bundle E, the spaces T E (U) of smooth sections on open 
subsets U of M and the obvious restriction maps from Te(U) to Ye(U') when 
U' C U give a sheaf Ye- Similarly for a vector bundle E with a connection, 
we also have the sheaf HV whose sections on an open subset U is Ue{U). The 
sheaf ITe is a subsheaf of Te- Taking E to be the vector bundles in (I2.3p . we 
have the sheaves 

T(N(TM)), r(T(TM_)), T(T(TM + )), 
T(T(TM € )), r(T(M x Ck)), 

n(JV(fM)), n(r(TM_)), n(r(fM + )), 

n(T(TM c )), n(M x T(Ck)). 

We know that the space of parallel sections of a vector bundle with a 
connection is canonically isomorphic to the space of fixed points of a fiber 
under the action of the holonomy group. In particular, we have: 
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Proposition 2.1. Let U be an open subset of M. The space 

Uu(T(TM_)) } Uu(T(TM + )), Uu(T(TM c )), Uu(N(TM)) 

are canonically isomorphic to the spaces of fixed points of 

T(fpMj, T{%M + ), T(T p M c ), N(%M), 

respectively, for p 6 U under the actions of the holonomy groups of the 
restrictions of the vector bundles 

T(TM_), T(TM+), T(TM C ), N(TM), 

respectively, to U. I 

3 A sheaf V of meromorphic open-string ver- 
tex algebras on M 

In this section, we construct a sheaf of meromorphic open-string vertex al- 
gebras on M. In particular, the global sections of this sheaf give a canonical 
meromorphic open-string vertex algebra associated to M. 
First we have: 

Proposition 3.1. The fibers of the vector bundle T(TM_) have natural 
structures of meromorphic open-string vertex algebras and T(TM_) has a 
natural structure of vector bundle of meromorphic open-string vertex algebras. 

Proof. Since the fibers of T(TM_) are the tensor algebras on the fibers 
of TM_, by Theorem 5.1 in [HJ, they have natural structures of meromorphic 
open-string vertex algebras. It is clear that the transition functions of the 
vector bundle T(TM_) at points on M are automorphisms of meromorphic 
open-string vertex algebras. Thus T(TM_) has a natural structure of vector 
bundle of meromorphic open-string vertex algebras. I 

Then we have: 

Corollary 3.2. For an open subset U of M, the space Tjj(T(TM _)) of sec- 
tions ofT(TM-) has a natural structure of meromorphic open-string vertex 
algebra. The assignment 

U ->■ Tu{T{fMJ)) 
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together with the restrictions of sections form a sheaf of meromorphic open- 
string vertex algebras. 

Proof. The Z-gradings on the fibers of T(TM_) induce a Z-grading on 
Tu(T(TM-)). The constant section 1 is the vacuum. The vertex operator 
map is defined pointwise. It is clear that with the Z-grading, the vacuum 
and the vertex operator map, Tu(T(TM_)) is a meromorphic open-string 
vertex algebra. The second conclusion is also clear. I 

The construction in Corollary 13.21 is simple. But these meromorphic open- 
string vertex algebras are not what we are interested in. In fact, the sheaf of 
meromorphic open-string vertex algebras obtained in Corollary 13.21 contains 
the sheaf of smooth functions on M and the smooth functions commute 
with vertex operators. In particular, the vertex operators in this sheaf of 
meromorphic open-string vertex algebras cannot contain differential opera- 
tors acting on the space of smooth functions. Since the quantum mechanics 
on M involves differential operators, the sheaf of meromorphic open-string 
vertex algebras in Corollary 13.21 is not what we are looking for. We shall 
instead construct a sheaf of meromorphic open-string vertex algebras using 
parallel sections. 

Given a meromorphic open-string vertex algebra (V, Yy, 1) and a group 
H of automorphisms of V, let V H be the subspace of V consisting of elements 
that are fixed by H. Since automorphisms of V preserve 1 G V (see [HJ), 
1 G V H . Also since for u, v G V G and h G H, hYv(u,x)v = Yy(hu,x)hv = 
Y v (u, x)v, the image of V H ®V H under Y v is in x -1 ]]. We shall denote 

the restriction of Yy to V H £g> V H by Y v h. Then Y v a is a linear map from 
V H ® V H to x -1 ]]. The following result is obvious: 

Proposition 3.3. The triple (V , Y v h, 1) is a meromorphic open-string ver- 
tex subalgebra of (V, Y v , 1). I 

For p G M and a connected open subset U of M containing^, the holon- 
omy group H P (U) of the restriction of the vector bundle T(TM_) to U acts 
on the fiber T(T P M_) at p of the vector bundle T(TM_). By Proposition 
13.14 T(T p M_) has a structure of meromorphic open-string vertex algebra. 

Lemma 3.4. For a connected open subset U of M, a G H P (U) and u, v G 
T{%M_), 
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Proof. Recall the notations in [H]. We need only prove the lemma in the 

case 

u = Xi(-m) • ■ ■ X k (-n k )l 

for Xi, . . . , X k G T p M and . . . , n k G Z + . Since the connection on T(TM_) 
is induced from the connection on TM C , the parallel transport in T(TM_) 
along a path in M is also induced from the parallel transport in TM C along 
the same path. Let 7 be a loop in M based at p. Denote both the parallel 
transports along 7 in TM C and in T(TM_) by a 7 . Then we have 

a 7 (l) = 1 

and 

a 7 (Xi(-mi) ■ ■ •Xfc(-mfc)l) = a 7 (Xi)(-mi) ■ ■ ■ a 7 (X fe )(-m fe )l (3.5) 

for m, . . . , n k G Z. 
By definition, 

Y T(j^M_)( Xl (~ ni ) ' ■ ■ X k (-n k )l,x)v 
where as in |H) . 

X i (x) = ^X i (n)x""- 1 

for z = 1, . . . , fc and ° • ° is the normal ordering operation defined in [H] . 
Thus by Lemma 4.2 and (13.51) . we have 

a 7(^T(fpM"_)( W ' a 0' y ) 

= a 7( y r(7pvr/_)( X i(- n i) " -'X k (-n k )l, x)v) 

(( 1 / d ni ~^ \ 1 / d Uk ~^ \ \ \ 

{• R^I)! (5?^ Xl W J ■ " K^T)! (^ A '* (l) J • j "J 

1 / d nfc_1 \ 
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= y r(ipv/_)( a 7( X i)( _ri i) ' ' ■ a 7 (X k )(-n k )l,x)a 7 (v) 
= Y T(f^M_)( a ~(( X ±(~ n ^ ' ••X k (-n k )l),x)a y (v) 

I 

From the lemma above, we obtain immediately: 

Corollary 3.5. For a connected open subset V of M, the holonomy group 
H P (U) is a subgroup of the automorphism group of the meromorphic open- 
string vertex algebra T(T P M_). In particular, {T{T P M J)) Hp ^ is a mero- 
morphic open-string vertex subalgebra ofT(T p M_). I 

For an open subset V of M, let 

V v = U V (T{TMJ)). 

Then the assignment V — > Vu and the restrictions of sections give a sheaf V. 
By Proposition 12.11 Vu is canonically isomorphic to (T(T p M _)) Hp ^ u \ Thus 
we have: 

Theorem 3.6. For a connected open subset U of M and p G V, the canon- 
ical isomorphism from {T{T p M _)) Hp ^ to Vu gives Vu a natural structure 
of meromorphic open-string vertex algebra. This structure of meromorphic 
open-string vertex algebra is independent of the choice of p. For general open 
subset U of M, Vu as a 7L-graded vector space is isomorphic to the underlying 
7j-graded vector space of the direct product meromorphic open-string vertex 
algebra W ae ^Vu a (see Definition 2.6 in [H]) where U a for a G A are the 
connected components ofU. In particular, Vu also has a natural structure of 
meromorphic open-string vertex algebra. For an open subset U of M and an 
open subset U of U , the restriction map from Vu to V v is a homomorphism 
of meromorphic open-string vertex algebras. In particular, the sheaf V is a 
sheaf of meromorphic open-string vertex algebras. 

Proof. The first and second statements of the theorem are clear. 

For general open subset U of M, choose a point p a in each connected com- 
ponent Ua of V for a £ A (elements of A labeling the connected components 
of V), then U Ua (T(T^M_)) is isomorphic to (T(f^M _)) h p<*( u «) as a graded 
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vector space, where H Pa {U a ) is the holonomy group of of the connection 
on the vector bundle T(TM_) restricted to the connected component U a . 
But Uu(T(TM-)) is isomorphic to UaeA U u a (T(T^M _)) as a graded vec- 
tor space. Hence Vu is isomorphic to Yl ae ^(T(T Pa M _)) h p<*( u <*) as a graded 
vector space. Since Yl aeA (T(T Pa M _)) H p<*( Ua ) has a structure of the direct 

product meromorphic open-string vertex algebra of (T(T Pa M _)) Hpa( - Ua ^ for 
a G A, Vu has a natural structure of a meromorphic open-string vertex 
algebra. 

For an open subset U of M and an open subset U of U, let C/ Q for a £ A be 
the connected components of U and let Up for G B be the connected compo- 
nents of [/. Then for (3 e B, there exists aGi such that C/g C U a . For each 
/3 G we choose a point pp G C/j. Then there exists a E A such that pp & U a . 
We choose p a G U a from those p^'s such that pp G £/g. Then H Pf} {Up) can 
be naturally embedded into H Pa (U a ) when G U a . Thus the direct prod- 
uct meromorphic open-string vertex algebra Yl ae ^(T(T Pa M ' _)) H p^(u a ) can ^ 
embedded into the direct product meromorphic open-string vertex algebra 
n /3eB (T(5jM_))^ { ^ ) . The embedding from ELe^C^ _)) H ^ U ^ to 

npeB(T(Tpf,M _^ H pp( u ^ corresponds to the restriction map from Vu to V v , 
that is, we have the following commutative diagram: 

UaeA^TZM -)) HpM ► Vu 



YlpeB(T(Tp,M_)) H ^ > V v 



u- 



Since the embedding from ]\ ae jT{f^M _)) H ^ U ^ to ]\p eB {T{f~M _)) H ^ {Us3) 
is a homomorphism of meromorphic open-string vertex algebras, the restric- 
tion map from Vu to V v is also a homomorphism of meromorphic open-string 
vertex algebras. I 



Remark 3.7. For an open subset U of M, Vu is always nontrivial. In 
fact, the metric g can be viewed as an element of the space Tu{T 2 {T*M)) of 
smooth sections on U of the second symmetric tensor powers of the cotangent 
bundle T*M of M. On the other hand, g also gives an isomorphism of vector 
bundles from T*M to TM. It induces an isomorphism of vector bundles 
from T 2 (T*M) to T 2 (TM), which in turn induces a linear isomorphism from 
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Tu(T 2 (T*M)) to Tu(T 2 (TM)). The image of the element g G T V (T 2 (T*M)) 
under this isomorphism is an element of Tjj{T 2 {TM)) and thus gives an 
element of T V (T 2 (TM C )). We denote this element of T V (T 2 (TM C )) by g^ x . 
Since g is parallel, g^ 1 is also parallel. For k,l G Z + , the vector bundles 
TM <g> (M x 0" fc ) and TM <g> (M x Q _i ) are isomorphic to TM C . In 
particular, the space 

IV((TM ® (M x G" fc )) <g> (TM <g> (M x CT 1 ))) 

of sections of the vector bundle 

(TM g) (M x Cr fe )) <g> (TM ® (M x Q _i )) 

is isomorphic to the space r[/(T 2 (TM c )). In particular, g^ 1 G r[/(T 2 (TM c )) 
corresponds to an element 

^(-fc, -0 e IV((TM <g> (m x cr k )) <g> (tm ® (m x cr')). 

Since ^f^ 1 is parallel and the connection on (TM <g> (M x 0" fc )) <g> (TM <g> 
(M x Ct~ 1 )) is induced from the connection on T 2 (TM C ), g^ (—k, —I) is also 
parallel, that is, 

g^(-k,-l) G n C /((TM (gi (M x £t~ k )) <g> (TM <g> (M x Ct~ 1 ))) 
C I1 C /(T(TM_)) 
= Vb, 

for A;,/ G Z + , giving infinitely many nonzero elements of Vjy of different 
weights. 

Remark 3.8. It is well known that for p G M, the symmetric algebra 
S(T p M_) has a natural structure of a vertex operator algebra. These sym- 
metric algebras form a vector bundle S(TM_) of vertex operator algebras 
with a connection. The same construction as the one for V above shows 
that the spaces Hjj(S(TM_) of parallel sections of S{TMJ) on open sub- 
sets U of M form a sheaf of conformal vertex algebras such that when U is 
connected, TLu(S(TM-) is a vertex operator algebra. From Remark 5.2 in 
[H] , for p G M, we have a homomorphism of meromorphic open-string ver- 
tex algebras from T(T P M_) to S(T p M_). Thus we have a homomorphism 
of vector bundles from T(TM_) to S(TM_) such that the connection on 
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T(TM_) is mapped to the connection on S(TM_). In particular, we have a 
homomorphism of sheaves of meromorphic open-string vertex algebras from 
the sheaf V to the sheaf of the spaces of parallel sections of the vector bundle 
S(TM-). 

4 Covariant derivatives and parallel tensor 
fields 

Given an open subset U of M, let C°°(U) be the space of complex smooth 
functions on U. For m G N, let T m (TM c ) be the m-th tensor power of the 
tangent bundle TM C and Tu{T m {TM c )) the space of sections of T m (TM c ). 
Then Tu(T(TM c )) is the coproduct of Tu(T m (TM c )), m G N. Given 
/ G C°°(U), there is an m-th order covariant derivative V m f which can 
be viewed as a (0, ra)-tensor. Note that V m f is originally defined only for 
real smooth function / and applies only to real tensor fields. But it can be 
extended in the obvious way to a complex smooth function / and applies to 
complex tensor fields. As a (0, m) tensor, V m / can be viewed as a module 
map from the C°°(£/)-module Tu(T m (TM c )) to the C°°(£/)-module C°°(U). 
Since V m f is linear in /, we can view V m as a linear map from C°°(U) 
to Hom C o 0(l/)) (r C 7(T m (TM c )),C ,00 (f/)). Since such a map corresponds to a 
linear map from Tjj{T m {TM c )) to L(C°°(U)), we have a linear map 

: IV(T m (TM c )) -)■ L(C°°(U)) 

corresponding to (^/— T) m V m , where L(C°°(U)) is the space of all linear 
operators on C°°(U). (Here we multiply V m by the number (v /— l)™ be- 
cause in canonical quantization, generalized momenta should act on the 
space of functions by \f^-i times differential operators.) By definition, for 
X G Tu(T m (TM c )), 

(^(x))f=(V^T) m (v m f)(x). 

The linear maps tp™ for m G N give a single linear map 

fa :ru(T(TM c )) ^ L(C°°(U)). 

We know that Tu(T(TM c )) is an associative algebra. The space L(C°°(U)) 
is in fact also an associative algebra. But in general, the isomorphism 
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ipu is not an isomorphism of associative algebras. The associative algebra 
Tu(T(TM c )) has a subalgebra ILy (T(TM C )). Let 

<f>u : Uu(T(TM c )) L(C°°(U)) 

be the restriction of ip v to ILy(T(TM c )). Then we have: 

Theorem 4.1. For ^ G rV(T(TM c )) and y G Tlu(T(TM c )), we have 

Mx®y) = M*)My)- ( 4 - 6 ) 

In particular, the linear map <f>u is a homomorphism of associative algebras 
and gives C°°(U) a Uu(T(TM c )) -module structure. 

Proof. We need only prove flUD for m, I G N, X G Tu(T m (TM c )) and 
y G Tiu(T m (TM c )). We use induction on m. When m = 0, (JM]) certainly 
holds. Now assume that when m — k, (14. 6 j) holds. To prove (14.61) in the case 
m = + 1, we need only prove that for / G C°°(U) and p £ U, 

{ipu(X ® y)/)(p) = (Vi^W^(y)/)(p). (4.7) 

For p G C/, there exists an open subset If of U containing p such that the 
restriction of X to C/ is a sum of elements of the form X ® X for 
X G i>(TM c ) and A? G U (T k (TM c )). Hence we need only prove g2D for 
those A' such that 

X\ = X(S)X 

for X G r r ('/'.U : j and # G ILj (T fc (TM c )) In this case for / G C°°(f/), by 
definition, 

(Mx\u)My\o))f 

= &u(X\u))Wv(y\u))f) 

= (v^T) fc+1 ^ k+1 m(y\u))fmx® x) 

= v^Tx(((v^T) fc v*((^C%))/))(*)) 
-V=i((v^=i)*v*((^(y| & )/))(v^) 
= v^x((^(i0)((^(3%)/)) - v^T(^(Vx^))((^(^b))/) 

= ^=TX((^W^(yb))/) - v / =T(^(VxA')^(y|t;))/. (4.8) 
By the induction assumption, the right-hand side of (14. 8 j) is equal to 

>/=i*((^(* ® yy/) - >/=T(^((V x ^) ® (4.9) 
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Since y is parallel, we have 



and thus 



y x y\fj = o 



{v x x)®y\ = v x {x®y\ d ). 

Using f)4.10p . (fl~9j) becomes 



(4.10) 



= V=Dr(((V=T)**- 
-V=i( (>/=!)' 

= {Mx\u®y\u))f- 



v k+l f)(x®y\ )) 

v K+l f)(Vx(x®y)\u) 

f)(x®x®y\ ) 



(4.11) 



The calculations from (14. 8 ft to (14. lip show that the left-hand side of (14. 8 h 
is equal to the right-hand side of (14. lip . In particular, the value of the left- 
hand side of (14. 8p at p is equal to the value of the right-hand side of ( 14. lip at 
p. But the value of the left-hand side of (14. 8p at p is equal to the right-hand 
side of ( 14. 7p and the value of the right-hand side of ( 14. lip at p is equal to the 
left-hand side of ( 14.71) . Thus ( 14.61) holds. Since p and / are arbitrary, ( 14. 6p 
in the case m = k + 1 is proved. I 



5 A sheaf W of modules for V constructed 
from the sheaf of smooth functions on M 

In this section, we construct a sheaf W of left modules for the sheaf V of 
meromorphic open-string vertex algebras from the sheaf of smooth functions 
on M. 

Let U be an open subset of M. For simplicity, we discuss only the case 
that U is connected. The general case is similar. By Theorem 14. 1[ C°°(U) is 
a LV(T(TM c ))-module. For p G U, by Proposition O, n l/ (T(TM c )) is iso- 
morphic to {T{T P M C )) H ^ U \ We shall identify n c/ (T(TM c )) with (T(T p M c ))^ 
In particular, C°°(U) is a (T(T p M c ))^( f/ )-module. Since (T(T p M c )) H ^ is 
a subalgebra of T(T P M C ), we have the induced T(T p M c )-module 

C P (U) = T(T P M C ) ® {nTvMC)) H P m C°°{U). 



18 



By Theorems 5.1 (or Theorem [HID in Section 3 above) and 6.5 in [H] , T(T p M_) 
has a natural structure of meromorphic open-string vertex algebra and T(T p M _)<g) 
C p (U) has a natural structure of left T(T p M_)-module. By Corollary 13. 5[ 
(T(T p M _)) Hp ( u ^ is a meromorphic open-string vertex subalgebra of T(T p M_). 
In particular, T(Tp~M_) g> C P (C7) is also a left (T(TplO)^^-Hiodule. Let 
W# be the left (T(7^Mj)^)-submodule of T{%M_) <g> C p (U) generated 
by elements of the form 1 <g) (1 S^-t^mc))-^* 7 ) 

/) for / G C°°(U), where 
1 Cg> (t(t v m c )) h p { - u ^ f * s ^ ne i ma g e of 1 (g) / under the projection from T{T p M c ) ® 
C°°(U) to C p (U). By Theorem l3.6l the meromorphic open-string vertex sub- 
algebra (T(fp~M_)) Hp{u) is canonically isomorphic to V v = Uu(T(fMJ)). 

We shall identify (T(T±M and V v . Thus W v has a natural structure 

of left V[/-module. 

The construction of W v here depends on p. But it is in fact independent 
of p. Let q be another point in U. Then the subspace of T(T P M_) <g> C P (U) 
consisting of elements of the form 1 eg) (1 ®(t(t p m c )) h p {u '> /) f° r / e C°°(U) is 

canonically isomorphic to the subspace of T(T q M _)®C q {U) consisting of ele- 
ments of the form l®(l<8)( T ( T? _ M -))H 3 (t/) /) for / G C°°(U). Also both the mero- 
morphic open-string vertex algebras (T(f^M_)) H p (f/) and (TiT^M _)) H ^ U) 
are canonically isomorphic to the meromorphic open-string vertex algebra 
Hu(T(TM-)) = Vu- Thus the left V^-module generated by elements of 
the form 1 <g> (1 <8>( T / T m c))%ct /) for / G C°°(U) is isomorphic to the left 
V[/-module generated by elements of the form 1 eg) (1 ®(T(T q M)) H i (u ^ /) f° r 
/ G C°°(U). Since the subspace of T(T P M _) <g> C P (U) consisting of elements 
of the form 1 <g> (1 ®( T( - T m c )) h pW /) f° r / e C°°(U) is canonically isomor- 
phic to C°°(U), we can view as a canonical left Vjy-module generated 
by C°°(U). We have proved the following result in the case that {7 is con- 
nected; the general case can be obtained using direct products as in the case 
of open-string vertex algebras in Section 3: 

Theorem 5.1. For an open subset U of M and p G U, W v has a natural 
structure of left Vu-module. For different choices of p, we obtain canonically 
isomorphic left Vu -modules. In particular, we have a canonical left Vu-module 
W v generated by C°°{U) up to canonical isomorphisms. ■ 

Let V\ and V2 be meromorphic open-string vertex algebras and Wi and W2 
left V\- and V^-modules respectively. Let / : V\ — > V2 be a homomorphism of 
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meromorphic open-string vertex algebras. Then W2 is also a left Vi-module. 
A homomorphism from W\ to W2 associated to f is a homomorphism from 
Wi to W2 as a left Vi-module. 

By definition, W v is the left (T(fpM _)) H ^-submodu\e of T(%M_) <g> 
Cp{U) generated by elements of the form 1 eg) (1 ®(t(t p m c )) h p( u ) f) f° r / e 
C°°(U). For open subsets C/ and U such that C/ C (7, we have a re- 
striction map from Vu to V v which corresponding to the restriction map 

from (T(%M_)) H ^ to (T(%M _)) Hp{il) ■ Using the restriction map from 

(T(%M_)) H *W to (T(TpM_)) H ^ and the restriction map from C°°(U) 

to C°°(U), we obtain a restriction map from W v to Wjy. By definition, we 
obtain the following: 

Proposition 5.2. For open subsets U and U such that U C U , the restriction 
map from to Wq. is a homomorphism from Wjj to associated with 
the restriction map from Vu to V v . In particular, U — > W® gives a presheaf 
W° of V -modules. I 

Let W be the sheafification of the presheaf W°. We denote the section of 
W on U by Wjj. Then we obtain: 

Theorem 5.3. The sheaf W is a sheaf of V -modules. In particular, the global 
section Wm of W on M is a left Vu-fnodule such that C°°(M) is embedded 
as a subspace ofWu- 

Proof. We prove only the statement that C°°(M) is embedded as a sub- 
space of Wm- As we have mentioned above, for an open subset U of M, 
/ (->■ 1 <g) (1 ®( T ( TpM c^H p (u) f) for / G C°°{U) give an injective linear map 
from C°°(U) to W v . Thus we can identify / and 1 <8> (1 ®{t(t p m c )) h p^ f) an( i 
view C°°(U) as a subspace of W v . After this identification, we see that W v is 
generated by C°°(U). In particular, W M is generated by C°°(M). From the 
construction of the sheafification of a presheaf, we see that for an open subset 
U of M, W v can be embedded into Wjj. Thus C°°(U) can also be viewed 
as a subspace of Wjj. In particular, C°°(M) can be viewed as a subspace of 
W M - ■ 
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6 The Laplacian on M as a component of a 
vertex operator 

Many conjectures in geometry were obtained from quantum field theory by 
interpreting some geometric or analytic objects as quantum-field-theoretic 
objects. In this section, as an example, we show that the Laplacian of M is 
in fact a component of a vertex operator for Wm acting on C°°(M). 

Let {Ei}2 = i be an orthonormal frame in an open neighborhood U of a 
point p G M. Recall the element 1, — 1) G V v . Then in U, 

n 

g c \-l, -1) = ^(Ei ® M r 1 ) <g> (Ei ® R r 1 ). 
1=1 

We identify = LV(T(TM_) with (T(7Jm_))^^). Under this identifica- 
tion, g^ l {— 1, — 1) is identified with 

n n 

J2( E i\ P ^ t' 1 ) ® (#4 ®m O = ^(^| P )(-l)(£4)(-l)l, 

i=l i=l 
where l T (fr^ ^ is the vacuum of the meromorphic open-string vertex alge- 
bra T(T P M_) and (£ , i | p )(— 1) is the representation image of <£> R on 
T{%M_). 

Recall that W# by definition is the left (T(TpkfJ) H ^)-submodule of 

T(T p M _)®C P {U) generated by elements of the form 1(g) (1 ®( r ( TpM c))fl P ([/) /) 
for / G C°°(C/). Let / G C°°(C/). Consider 

Y W°(-9c\- l i- l \ X )( l ® ( X ®(T(T p Mf))«pP) /))■ 

Since W# is a (T(7^M J^^-submodule of T{fp~M_) <g> C P (C/) and the 
(T(5yi?_))^( l/ )-module T(Tp~M_) <g> C p (t7) is induced from the T{fp~M _)- 
module structure on T(T p M_) ®C P (U), the vertex operator map Y^o is the 
restriction of the vertex operator map K^fr^ ) to (T(T P M _)) Hpi - u) In 
particular, 

i W(-5c 1 (- 1 »- 1 ). a: ) = F Tf7gw )(-^c 1 (- 1 -- 1 )^) 
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lb 

i=l 
n 

= -E:(>/=r^|p)(a:)(>/=r^| P )(x); 
i=i 

n 
i=l 

Then the coefficient of the x~ 2 term of Y Wu (— g^i— 1, — l)^) is 

n 

EEo(^ip)(-*)(^W(*)s 

i=i fcez 

n ra 

= 2 E E (^U-*)(£iU*) + ^(i?4)(o)(^4)(o). 

j=l fcGZ+ i=l 

This coefficient or component of the vertex operator IV^^c^ - 1, — 1), x) 
acting on (1 ® (1 ®^ T (t p m c )) h p < - u ^ /)) ^ s e Q ua l to 

n 

^(^| P )(0)(^| P )(0)(1®(1 /)) 

E^^P ® ^'Ip) ®(T(T p M c )) h p( m > / 
i=l , 

= 1 <8> [l ®(T(T p M^)) h pW ^E ^ ® Ei j f 

1 ^(T(T p MC))»»( y ) (V 2 /) E ^ E * 



i=l 



, i=l 



= 1 ® ^ ®(T(T P MC))^(^ |^E V S i ,E i / 

= 1 ® (1 <8> (T(Tj(M c))ff P (c/) A/). 



If we identify / with 1®(1®( T (t p m c )) h p(' 7 ) /)> then we see that this component 
of the vertex operator Y w o (— 5' c 1 (— 1, — 1), x) acting on / is equal to the 
Laplacian A acting on /. 
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Since V and W are sheaves and W is the sheafification of the presheaf 
W°, the conclusion above for W° and smooth functions on a small open 
neighborhood of every p e M implies that the same conclusion holds for W 
and smooth functions on any open subset U of M. In particular, if we view 
/ G C°°(M) as an element of Wm, then the component of the vertex operator 
Y Wm (— (— 1, — l),x) acting on / is equal to Af. 
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